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Probabilities

-0 b B Statistical Interpretation of Entropy
and the Second Law

The ideas of entropy and disorder are made clearer with the use of a statistical
or probabilistic analysis of the molecular state of a system. This statistical
approach, which was first applied toward the end of the nineteenth century by
Ludwig Boltzmann (1844-1906), makes a clear distinction between the
“macrostate” and the “microstate™ of a system. The microstate of a system would be
specified in giving the position and velocity of every particle (or molecule). The
macrostate of a system is specified by giving the macroscopic properties of the
system—the temperature, pressure, number of moles, and so on. In reality, we
can know only the macrostate of a system. There are generally far too many
molecules in a system to be able to know the velocity and position of every one
at a given moment. Nonetheless, it is important to recognize that a great many
different microstates can correspond to the same macrostate.

Let us take a very simple example. Suppose you repeatedly shake four coins
in your hand and drop them on a table. Specifying the number of heads and the
number of tails that appear on a given throw is the macrostate of this system.
Specifying each coin as being a head or a tail is the microstate of the system. In
the following Table we sce how many microstates correspond to each macrostate:

Possible Microstates Number of
Macrostate (H = heads, T = tails) Microstates
4 heads HHHH 1
Jheads.1tail HHHT, HHTH. HTHH, THHH 4
2heads,2tails HHTT, HTHT, THHT, HTTH, THTH. TTHH 6
lhead.3tails TTTH, TTHT, THTT, HTTT 4
4 tails TTTT 1

A basic assumption behind the statistical approach is that each microstate is
equally probable. Thus the number of microstates that give the same macrostate
corresponds to the relative probability of that macrostate occurring. The macrostate
of two heads and two tails is the most probable one in our case of tossing four coins;
out of the total of 16 possible microstates, six correspond to two heads and two tails,
so the probability of throwing two heads and two tails is 6 out of 16, or 38%.
The probability of throwing one head and three tails is 4 out of 16, or 25%. The
probability of four heads is only 1 in 16, or 6%. If you threw the coins 16 times, vou
might not find that two heads and two tails appear exactly 6 times, or four tails
exactly once. These are only probabilities or averages. But if you made 1600 throws,
very nearly 38% of them would be two heads and two tails. The greater the number
of tries, the closer the percentages are to the calculated probabilities.

If we toss more coins—say, 100 all at the same time—the relative proba-
bility of throwing all heads (or all tails) is greatly reduced. There is only one
microstate corresponding to all heads. For 99 heads and 1 tail, there are 100
microstates since each of the coins could be the one tail. The relative probabili-
ties for other macrostates are given in Table 15-3. About 10°” microstates are
possible.” Thus the relative probability of finding all heads is 1 in 10™, an incred-
ibly unlikely event! The probability of obtaining 50 heads and 50 tails (see
Table 15-3) is (1.0 x 10%)/10™ = 0.10, or 10%. The probability of obtaining
anything between 45 and 55 heads is 90%.

Thus we see that as the number of coins increases, the probability of
obtaining the most orderly arrangement (all heads or all tails) becomes
extremely unlikely. The least orderly arrangement (half heads, half tails) is the
most probable, and the probability of being within, say, 5% of the most probable
"Each coin has two possibilities, heads or tails. Then the possible number of microstates is
2% 2 X2 x= 2= 27 % 10™ (using a calculator or logarithms).
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