= PROBLEM SOLVING

Estimating how many piano
funers H‘f(’."( are in a city

Dimensional analysis

Another technique for estimating, this one made famous by Enrico Fermi
to his physics students, is to estimate the number of piano tuners in a city, say,
Chicago or San Francisco. To get a rough order-of-magnitude estimate of the
number of piano tuners today in San Francisco, a city of about 700,000 inhabi-
tants, we can proceed by estimating the number of functioning pianos, how
often each piano is tuned, and how many pianos each tuner can tune. To esti-
mate the number of pianos in San Francisco, we note that certainly not
everyone has a piano. A guess of | family in 3 having a piano would correspond
to 1 piano per 12 persons, assuming an average family of 4 persons. As an order
of magnitude, let’s say 1 piano per 10 people. This is certainly more reasonable
than | per 100 people, or 1 per every person, so let’s proceed with the estimate
that 1 person in 10 has a piano, or about 70,000 pianos in San Francisco. Now a
piano tuner needs an hour or two to tune a piano. So let’s estimate that a tuner
can tune 4 or 5pianos a day. A piano ought to be tuned every 6 months or a
year—lel’s say once each vear. A piano tuner tuning 4 pianos a day, 5 days a
week, 50 weeks a year can tune about 1000 pianos a year. So San Francisco, with
its (very) roughly 70,000 pianos, needs about 70 piano tuners. This is, of course,
only a rough estimate.” Tt tells us that there must be many more than 10 piano
tuners, and surely not as many as 1000. If you were estimating the number of car
mechanics, on the other hand, your estimate would be rather different!

K& Dimensions and Dimensional Analysis’

When we speak of the dimensions of a quantity, we are referring to the tvpe of
units or base quantities that make it up. The dimensions of area. for example,
are always length squared, abbreviated [LE], using square brackets; the units
can be square meters, square feet, c¢m?, and so on. Velocity. on the other hand,
can be measured in units of km/h, m/s, or mi/h, but the dimensions are always
a length [L] divided by a time [T]; that is, [L/T].

The formula for a quantity may be different in different cases, but the
dimensions remain the same. For example, the area of a triangle of base b and
height h is A = 5bh, whereas the area of a circle of radius ris A = @r’. The
formulas are different in the two cases, but the dimensions of area in both cases
are the same: [L?].

When we specify the dimensions of a quantity, we usually do so in terms of
base quantities, not derived quantities. For example, force, which we will sce
later has the same units as mass [M] times acceleration [L/T?], has dimensions
of [ML/T?].

Dimensions can be used as a help in working out relationships, and such a
procedure is referred to as dimensional analysis.® One useful technigue is the
use of dimensions to check if a relationship is incorrect. A simple rule applies
here: we add or subtract quantities only if they have the same dimensions (we
don’t add centimeters and hours). This implies that the quantities on each side
of an equals sign must have the same dimensions. (In numerical calculations, the
units must also be the same on both sides ol an equation.)

For example, suppose you derived the equation » = », + far’, where v is
the speed of an object after a time f, v, is the object’s initial speed, and the
object undergoes an acceleration a. Let’s do a dimensional check to see if this
equation is correct; note that numerical factors, like the % here, do not affect

"A check of the San Francisco Yellow Pages (done after this calculation) reveals about 50 listings.
Each of these listings may employ more than on¢ tuner, but on the other hand, cach may also do
repairs as well as tuning. In any case, our estimate is reasonable.

*Some Sections of this book, such as this one, may be considered optional at the discretion of the
instructor. See the Preface for more details.

*The techniques described in the next few paragraphs may seem more meaningful after you have
studied a few Chapters of this book. Reading this Section now will give you an overview of the
subject, and you can then return to it later as needed.
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